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Abstract
Behaviour of the nonlinear driven oscillators may be very complex and unexpected phenomena occur rather often in these systems: stable forced oscillations near unstable equilibrium position, rare attractors (RA). This paper devoted to the birth and death of rare chaotic attractors from fully unstable subharmonical isles in two-mass-chain-system with several equilibrium positions.
1. Introduction

The authors of this paper for many years have been studying nonlinear phenomena in one-mass driven oscillators, including symmetrical ones with two potential wells. Usual phenomena, as periodic and chaotic motion, and unusual, as stable forced oscillations near unstable equilibrium position, rare attractors (RA) [1] were found in such kind of systems. 

Than, on example of bifurcation analysis of two-mass system it was shown, that all phenomena remain and there was found new one - fully unstable subharmonical isles [2, 3]. By changing system parameters, there appear rare stable periodic and chaotic regimes from these unstable isles. 

2. Dynamical model 
A system under consideration is chain system consisting of two bodies coupled by nonlinear stiffness with two equilibrium positions and linear damping and attached to base by linear stiffness and damping. External periodic force is applied to the body, attached to base (Fig. 1). Stiffness and damping forces are represented in Fig. 2. Also several additional characteristics, describing the system, are represented in this figure - potential wells of both stiffness and free damped oscillations of partial systems: 1). two rigidly coupled bodies attached to base by linear stiffness and damping; 2). second mass attached to fixed first body by nonlinear double-well stiffness and linear damping (Fig. 1).
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Fig. 1. Physical model of the system

Corresponding equations of motion are
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where x1, x2 – generalized coordinates (x = x2 – x1); m1, m2 – mass of oscillating bodies;       b1, b2 – linear dissipation coefficients; c1 – stiffness coefficient of the first linear elastic spring; c21, c22 - stiffness coefficient of the second nonlinear elastic spring; h1, ω, φ0 – amplitude, frequency and phase of excitation.
3. Results

On the base of complete bifurcation groups method there is made bifurcation analysis at varying of initial conditions and parameter – excitation amplitude h1. Results of bifurcation analysis are demonstrated on Fig. 2.
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Fig. 2. Bifurcation groups of two completely unstable twins subharmonic isles 2T. Bifurcation diagrams for chained system with two degrees-of-freedom with three equilibrium positions of the second mass m2 and linear dissipation at harmonic excitation (eq.). (a) coordinate x1 of fixed point of the first mass vs excitation amplitude h1; (b) oscillation amplitude Ax1 of the first mass vs h1. Parameters: m1 = m2 = 1, b1 = b2 = 0.2, c1 = 1, c21 = -1,  c22 = 1, ω = 1, φ0 = 0, k = 7, h1 = var.
[image: image3.png]mil =var.

P2 unstable

88 90 92 94 96 85 100102104 106108110 112 114 116 118 ppq 12261




[image: image4.png]158
Axt P4 mi =var

P2 unstable

P2 unstable

P
s —

100
65 90 92 94 8B 95 100102104 106 106 110 112 114 118 118 g 12264





Fig. 3. Appearance of stable regimes on the completely unstable subharmonic isles 2T (Fig. 2) – rare attractors at varying of the first mass m1. Complete bifurcation diagrams for chained system with two degrees-of-freedom with three equilibrium positions of the second mass m2 and linear dissipation at harmonic excitation (eq.). (a) coordinates x1 of fixed point of the first mass vs m1; (b) oscillation amplitude Ax1 of the first mass vs m1. Parameters: m2 = 1, b1 = b2 = 0.2, c1 = 1, c21 = -1,  c22 = 1,       h1 = 1, ω = 1, φ0 = 0, k = 7, m1 = var.
Varying of other system parameters, mass of oscillating bodies, linear dissipation coefficients, particular stiffness coefficients or excitation frequency, leads to appearance of rare attractors on unstable branches of stable periodic regimes. As example, on Fig. 3, there are shown complete bifurcation diagrams of sub-harmonic isle 2T with rare attractors, regions with UPI and almost periodic oscillations at varying of parameter m1. Rare attractor of tip type at      m1≈ 0.9 leads to appearance of unstable periodic infinitiums (UPI-2) and chaotic attractor (Fig. 4), but at m1≈ 1.2 beyond rare attractor the region of almost periodic oscillations.
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Fig. 4. Rare chaotic attractors in chained system with two degrees-of-freedom with three equilibrium positions of the second mass m2 and linear dissipation at harmonic excitation (eq.). (a) Poincaré map; (b) time histories and phase trajectories. Parameters: m2 = 1, b1 = b2 = 0.2, c1 = 1, c21 = -1,  c22 = 1,    h1 = 1, ω = 1, k = 7, m1 = var.
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